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In model studies of the spin/anomalous Hall effect, effective Hamiltonians often serve as the start-
ing point. However, a complete effective quantum theory contains not only the effective Hamiltonian
but also the relation linking the physical observables to the canonical ones. We construct the semi-
classical Boltzmann (SB) transport framework in the weak disorder-potential regime directly in the
level of the effective quantum theory, and confirm this construction by formulating a generalized
Kohn-Luttinger density matrix transport theory also in this level. The link and difference between
the present SB theory and previous phenomenological Boltzmann, quantum kinetic and usual Kubo-
Streda theories are clarified. We also present the slightly generalized Kubo-Streda formula in the
level of the effective quantum theory. In this level, it is this generalized Kubo-Streda formula rather
than the usual one that leads to the same physical interpretations as the present SB theory. In
the application to a Rashba 2D effective model, a nonzero spin Hall effect important in the case of
strong Rashba coupling but neglected in previous theories is found.
I. INTRODUCTION
In model studies of the spin/anomalous Hall effect –
a spin-orbit-induced transverse spin/charge transport ef-
fect [1, 2], effective Hamiltonians, such as the two-band
Rashba model [3], often serve as the starting point. The
spin-orbit interaction (SOI) appearing in the external-
perturbation-free effective Hamiltonian is often termed
as the band-structure SOI. The effective Hamiltonian is
only part of the effective quantum theory, thus may not
be enough for predictions relevant to experiments [4, 5].
A complete effective quantum theory contains not only
the effective Hamiltonian in the presence of external per-
turbations but also the relation linking the physical ob-
servables to the canonical ones. This is in fact clear in the
seminal work of Nozieres and Lewiner [6], who obtained
the effective quantum theory for conduction electrons
from the parent eight-band Kane model in direct-gap III-
V semiconductors. The physical position operator in this
effective quantum theory differs from the canonical one
by an additional term arising from the projection from
the eight-band to the two-band models [4, 5, 7]. This
additional term gives rise to sizable effective SOIs with
the external electric field and with impurities in the level
of the effective quantum theory [6].
Unfortunately, the complicated and phenomenological
Boltzmann treatment of Nozieres and Lewiner on the
Hall transport did not yield a simple picture for the many
terms they obtained. Perhaps partly due to this reason,
many subsequent theories using the phenomenological-
Boltzmann [8, 9] or usual Kubo-Streda (zero-frequency
linear response [10]) diagrammatic [11–13] approaches
still considered only the effective Hamiltonian without
SOI with the driving external electric field and neglected
the change of the physical position. Although some re-
cent phenomenological-Boltzmann [14–16] and quantum
kinetic theories [17] considered the complete Nozieres-
Lewiner effective model, the link and difference between
various theories applied to this simple model have not
yet been completely clarified. Moreover, as we will re-
veal, these different considerations may lead to different
spin Hall conductivities when the external-perturbation-
free effective Hamiltonian has its own internal structure,
i.e., the band-structure SOI in the level of the effective
theory. Therefore, a simple transport-theory framework
with physical insights in the level of the effective quan-
tum theory is highly desirable.
The semiclassical Boltzmann (SB) transport theory is
appealing because it is conceptually simple [1, 18, 19] and
has the microscopic density matrix approach as its solid
foundation [20–24]. When the SB and equivalent theo-
ries [24, 25] apply, the spin/anomalous Hall effect can be
parsed clearly in the presence of static disorder. Three
mechanisms – intrinsic, anomalous quantum (called side-
jump in recent reviews [1, 2]) and skew scattering – are
defined unambiguously [1, 2]. For the spin/anomalous
Hall conductivity, the intrinsic contribution is indepen-
dent of disorder, the anomalous quantum contribution
relies on the disorder but turns out to be independent of
the impurity density, whereas the skew scattering contri-
bution from disorder is inversely proportional to the im-
purity density. However, existing SB theory and the un-
derlying Kohn-Luttinger density matrix theory are only
formulated in the level of the full Hamiltonian where the
physical observables are just the canonical ones [4, 5].
In this paper we construct the SB framework in the
weak disorder-potential regime directly in the level of the
effective quantum theory, and confirm this construction
by formulating a generalized Kohn-Luttinger theory also
in this level [26]. It is shown that the spin/anomalous
Hall effect studied in this level can still be parsed into the
same categories as in the level of the full Hamiltonian, in
the regime where the SB theory works [24]. We discuss
the link and difference between the present SB theory
and previous phenomenological Boltzmann [8, 9, 14–16],
quantum kinetic [27–29] and usual Kubo-Streda diagram-
matic [11–13, 30] theories. To help clarify this issue, we
also derive the slightly generalized Kubo-Streda formula
in the level of the effective quantum theory. In this level,
it is this generalized Kubo-Streda formula rather than
the usual one [10, 11] that leads to the same physical
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2picture as the present SB theory.
The SB picture is valid in the Boltzmann regime where
the disorder-broadening of bands is quite smaller than
the minimal intrinsic energy-scale around the Fermi level
[24]. It is easy to reach this regime even in moderately
dirty systems if the minimal intrinsic energy-scale around
the Fermi level is quite large. However, in the opposite
case, the system may be located within the so-called dif-
fusive regime (limit) [31] where a drift-diffusion equation
for coupled spin-charge dynamics holds [27, 29]. Both the
SB and drift-diffusion theories can only work in limited
and different regimes [32] with different physical pictures.
The paper is organized as follows. The SB theory is
formulated in Sec. II and III, whereas further model-
analysis and comparison with other theories are pre-
sented in Sec. IV and V. Before summarizing the paper in
Sec. VI we discuss the validity of a widely-accepted idea
proposed in a previous phenomenological Boltzmann the-
ory. The generalized Kohn-Luttinger and Kubo-Streda
approaches in the level of the effective quantum theory
are presented in Appendix A and C, respectively. Ap-
pendix B and D contains some other details supporting
the discussion in the maintext.
II. EFFECTIVE QUANTUM THEORY
The total single-carrier effective Hamiltonian reads [6]
HˆT = Hˆ0 + Vˆ
(
rˆphy
)
− eE · rˆphy, (1)
where the physical position operator rˆphy may differ
from the canonical one rˆ. Hereafter Vˆ
(
rˆphy
)
and Vˆ (rˆ)
are sometimes designated as Wˆ and Vˆ , respectively, for
brevity. The velocity operator in the presence of disor-
der and external electric field is vˆ = 1i~
[
rˆphy, HˆT
]
=
vˆphy + δV vˆ + δEvˆ, where vˆphy ≡ 1i~
[
rˆphy, Hˆ0
]
, δV vˆ ≡
1
i~
[
rˆphy, Vˆ
(
rˆphy
)]
and δEvˆ ≡ 1i~
[
rˆphy,−eE · rˆphy
]
. For
2D electrons or holes [28],
rˆphy = rˆ+ rˆa = rˆ+
λ20
4
σˆ × Kˆ, (2)
where Kˆ =
(
kˆ3x − 3kˆ2ykˆx, 3kˆ2xkˆy − kˆ3y, 0
)
for 2D holes and
Kˆ = kˆ for 2D electrons, kˆ =
(
kˆx, kˆy
)
is the momentum
operator. In the band-eigenstate representation of the
disorder-free effective Hamiltonian Hˆ0,(
rˆphy
)
ll′
= i∂kδll′ + iJ˜ll′ , (3)
with iJ˜ll′ ≡ iJll′ + iJall′ , Jll′ = δkk′〈ul|∂k|ul′〉 and iJall′ =
δkk′
λ20
4 σˆll′ ×K. |l〉 ≡ |ηk〉 = |k〉|uηk〉 is the eigenstate of
Hˆ0 with energy l ≡ ηk, η the band index.
III. SB FRAMEWORK IN THE WEAK
DISORDER-POTENTIAL REGIME
Regarding the linear response to a constant electric
field E in non-degenerate multiband electron systems
with weak static disorder, in the SB framework the aver-
age value of physical quantity A is expressed as
A =
∑
l
Alfl. (4)
The semiclassical distribution function fl = f
0
l +gl+g
a
l is
expanded up to the linear order of E around the equilib-
rium Fermi distribution function f0, gl and g
a
l equilibrate
the effects of the driving electric field between and dur-
ing successive scattering events, respectively [19, 22, 33].
These processes are accounted for by the linearized SB
equation in nonequilibrium steady-states [19, 25]
eE · v0l
∂f0
∂l
= −
∑
l′
ωll′ (gl − gl′) , (5)
0 =
∑
l′
ω
(2)
ll′
(
gal − gal′ −
∂f0
∂l
eE · δr˜l′l
)
. (6)
Here v0l = ∂l/~∂k is the group velocity, ωll′ =
2pi
~
〈
|Tll′ |2
〉
δ (dll′) is the scattering rate
(
l′ → l), 〈..〉 de-
notes the disorder average. Hereafter we employ the sim-
plified notations dll′ ≡ l−l′ and d±ll′ ≡ dll′±i~s. s→ 0+
appears to be the regularizing factor in the T-matrix
theory. The T-matrix is determined by the Lippmann-
Schwinger equation Tˆ = Wˆ + Wˆ
(
l − Hˆ0 + i~s
)−1
Tˆ .
In the weak disorder-potential regime ωll′ is obtained by
expanding
〈
|Tll′ |2
〉
in terms of the disorder-potential:
ωll′ = ω
(2)
ll′ + ω
3a
ll′ + ω
4a
ll′ . The number and “a” in the su-
perscripts mean the order of disorder potential and the
anti-symmetric part (ωall′ =
1
2 (ωll′ − ωl′l)) of the scat-
tering rate, respectively. In the weak disorder-potential
regime the expansion up to the third Born order is suf-
ficient. Taking into account the symmetric part of the
higher-order scattering rate only renormalizes the longi-
tudinal distribution function [1, 19] and is not necessary
in the Boltzmann regime in the case of weak disorder
potential. Therefore, gl = g
(−2)
l + g
(−1)
l + g
(0)
l and con-
currently we can set g
(−1)
l = g
sk
l and g
(0)
l = g
pair
l to
emphasize the physic related to these distribution func-
tions: gskl arises from the skew scattering and g
pair
l from
scattering off pairs of impurities (details in Refs. [19, 24]).
For the coordinate-shift [19] δr˜l′l, the wavepacket
derivation of Sinitsyn et al. [22] who assumed rˆ = rˆphy
can be directly generalized to the present case (rˆ→ rˆphy,
Vˆ (rˆ)→ Vˆ (rˆphy) = Wˆ ), yielding
δr˜l′l = iJ˜l′ − iJ˜l − Dˆ argWl′l, (7)
with iJ˜l ≡ iJ˜ll and Dˆ = ∂k′ + ∂k.
3In Eq. (4), an appropriate expression for Al is
needed. In the conventional SB consideration one
takes Al = 〈l|
(
Aˆphy + δV Aˆ+ δEAˆ
)
|l〉. For spin-
orbit-induced transport, the electric-field-induced and
impurity-induced corrections to |l〉 contribute qualita-
tively [23], thus |l〉 → |l〉 + |δEl〉 + |δV l〉. Here
|δEl〉 = −eE·∑l′ 6=l |l′〉〈l′ |ˆrphy|l〉/d+ll′ is the electric-
field induced correction to the Bloch state, whereas
|δV l〉 =
(
l − Hˆ0 + i~s
)−1
Tˆ |l〉 is the scattering correc-
tion. Therefore we have
Al ≡ A˜0l + δinAl + δin,1Al + δsjAl + δsj,1Al, (8)
where A˜0l = 〈l|Aˆphy|l〉 and
δinAl = 2 Re〈l|Aˆphy|δEl〉, δin,1Al = 〈l|δEAˆ|l〉, (9)
and
δsjAl = 2 Re
〈
〈l|Aˆphy|δV l〉
〉off
+
〈
〈δV l|Aˆphy|δV l〉
〉off
,
δsj,1Al = 2 Re
〈
〈l|δV Aˆ|δV l〉
〉off
. (10)
The superscript “off” means that only the terms with
off-diagonal elements of Aˆphy or δV Aˆ in the Bloch rep-
resentation
{|ηk〉} are retained. δsjAl contains η-off-
diagonal interband matrix elements of Aˆphy [23], whereas
δsj,1Al contains k-off-diagonal matrix elements of δ
V Aˆ
[8]. In the weak disorder-potential regime, we only pre-
serve |δV l〉 to the lowest nonzero Born order when calcu-
lating δsjAl and δ
sj,1Al. More precisely, we obtain the
following expressions
δinAl = −~eE ·
∑
l′ 6=l
δkk′
2Im〈ul|vˆphy|ul′〉Aphyl′l
d2ll′
, (11)
δsjAl =
∑
l′,l′′ 6=l′
〈Wll′Wl′′l〉Aphyl′l′′
d−ll′d
+
ll′′
(12)
+ 2 Re
∑
l′ 6=l,l′′
〈Wl′l′′Wl′′l〉Aphyll′
d+ll′d
+
ll′′
,
and
δsj,1Al = 2 Re
∑
l′ 6=l
〈
〈l|δV Aˆ|l′〉Wl′l
〉
d+ll′
. (13)
The linear response of A in the weak disorder-potential
regime thus reads
δA =
∑
l
(
g
(−2)
l + g
sk
l
)
A˜0l +
∑
l
(
gal + g
pair
l
)
A˜0l (14)
+
∑
l
g
(−2)
l
(
δsjAl + δ
sj,1Al
)
+
∑
l
f0l
(
δinAl + δ
in,1Al
)
.
The last term on the right-hand-side (rhs) is the intrin-
sic contribution. The second and third terms constitute
the anomalous quantum contribution mentioned in the
introduction, which is also independent of the disorder
potential in the weak disorder-potential regime [34].
The SB formalism presented in this section is con-
firmed by formulating the Kohn-Luttinger density matrix
transport approach designed in the weak disorder poten-
tial regime [20, 21] directly in the level of the effective
quantum theory. This microscopic approach is presented
in Appendix A.
A. Anomalous Hall effect
To be more specific, we analyze the anomalous Hall
effect. In the level of the full Hamiltonian rˆ = rˆphy,
δsjvl equals the semiclassical side-jump velocity v
sj
l =∑
l′ ω
(2)
ll′ δrl′l [19, 22, 23], and δ
invl is just the Berry-
curvature anomalous velocity vBl = Ω
0
l zˆ × e~E. Here
δrl′l = iJl′ − iJl − Dˆ arg Vl′l and Ω0l = ∂kx (iJl)y −
∂ky (iJl)x. In the level of the effective theory, we prove
(Appendix B)
δsjvl + δ
sj,1vl =
∑
l′
ω
(2)
ll′ δr˜l′l ≡ v˜sjl (15)
and (Appendix B)
δinvl + δ
in,1vl =
(
Ω0l + Ω
a
l
)
zˆ× e
~
E ≡ v˜Bl , (16)
where Ωal ≡ ∂kx
(
iJal
)
y
−∂ky
(
iJal
)
x
. Therefore, the veloc-
ity of a semiclassical carrier constructed from an effective
quantum theory in the presence of external electric field
and static disorder reads
vl = v˜
0
l + v˜
sj
l + v˜
B
l , (17)
which contributes to the electrical current as j =
e
∑
l vlfl. The intrinsic anomalous Hall current reads
jin = e
∑
l
f0l v˜
B
l , (18)
and the anomalous quantum contribution is
jAQ = jsj + jad + jpair, (19)
where jsj = e
∑
l g
(−2)
l v˜
sj
l , j
ad = e
∑
l g
a
l v˜
0
l and j
pair =
e
∑
l g
pair
l v˜
0
l . The anomalous quantum mechanism com-
prises three contributions [1, 25]: (1) a component of the
side-jump velocity transverse to the driving electric field;
(2) an anomalous distribution function [22, 33]; (3) scat-
tering off pairs of impurities. Both v˜sjl and g
a
l are related
to the coordinate-shift [33], i.e., the so-called side-jump
transverse to the incident wave-vector [35]. Besides, the
skew scattering contribution reads
jsk = e
∑
l
gskl v˜
0
l . (20)
4IV. APPLICATION 1: 2D NOZIERES-LEWINER
EFFECTIVE MODEL
As the first application, we look into the spin Hall effect
in the widely-studied Nozieres-Lewiner effective model
where Hˆ0 =
~2kˆ2
2m in Eq. (1) [2, 6, 7, 13, 14, 16, 17].
For simplicity we only consider 2D electrons, and the
random scalar disorder is modeled by
〈
V (r)V
(
r′
)〉
=
nimV
2
0 δ
(
r− r′) with nim the impurity density and V0
the scattering amplitude. The skew scattering is thus
neglected in this section, because it has been thoroughly
understood [36]. The z-component of spin is conserved
and the two spin channels are independent. In this model
Jl = 0, iJ
a
l′− iJal = −Dˆ argWl′l = ηλ
2
0
4 zˆ×
(
k′ − k) where
(σˆz)ηη = η, and
δr˜l′l = 2 (iJ
a
l′ − iJal ) = −2Dˆ argWl′l. (21)
At the same time δsjvl = 0, δ
invl = 0 and
v˜sjl = δ
sj,1vl =
∑
l′
ω
(2)
ll′ δr˜l′l, v˜
B
l = δ
in,1vl = Ω
a
l zˆ×
e
~
E.
Simple derivations yield −jz,in = jz,sj = jz,ad, and
jz,pair = 0 in the noncrossing approximation, thus the
total o
(
n0im
)
contribution is jz = jz,ad.
A phenomenological Boltzmann approach has been
employed to analyze this model [6, 14–16]. In that alter-
native Boltzmann approach, there are three basic picto-
rial arguments: (1) The contributions from δV vˆ and δEvˆ
to 〈vˆ〉av cancel out (here 〈vˆ〉av =
∑
k fηkvηk), for δ
V vˆ+
δEvˆ = 2
λ20
4~ σˆz
(
∇Vˆ − eE
)
× zˆ and the “net force” eE −
∇Vˆ = ~dkˆ/dt acting on electrons equals zero in steady-
states
〈
dkˆ/dt
〉
av
= 0. (2) The δ-function δ
(
ηk′ − ηk
)
for the energy-conservation in the semiclassical scatter-
ing rate is replaced by δ
(
ηk′ − ηk − eE ·∆rphy
)
in the
presence of the electric field and SOI. (3) The shift of the
physical position ∆rphy during a specific scattering pro-
cess from l = (η,k) state to l′ =
(
η,k′
)
state is obtained
by a time-dependent analysis: ∆rphy =
∫
dtvphy, and
the nontrivial part of ∆rphy that survives after average
over many scatterings is ∆rphy = 2
λ20
4 (σˆz)ηη zˆ×
∫
dtdkdt =
2
λ20
4 ηzˆ×
(
k′ − k), due to vˆ = ~kˆm + 2λ204 σˆz dkˆdt × zˆ.
Now we point out the correspondence of these three
points in the present SB theory. First, point (1) is equiv-
alent to our jz,in = −jz,sj . As will be detailed in Sec.
VI and Appendix D, the argument in above point (1) is
not always valid when σˆz has l-off-diagonal matrix ele-
ments. Second, the energy-conservation in the scattering
process in the presence of the electric field and SOI is
accounted for in the present formalism in another way
different from above point (2). The effect of electric-field
working eE ·∆rphy during the scattering is compensated
by introducing the anomalous distribution function, and
the δ-function δ
(
ηk′ − ηk
)
for the energy-conservation
in the semiclassical scattering rate remains unchanged
[1, 19, 22]. Finally, ∆rphy obtained in above point (3)
is equal to our δr˜l′l = 2
(
iJal′ − iJal
)
, with the important
factor 2.
Regarding this model, there are some more theoretical
debates worthwhile to be clarified.
First, if one starts from the effective Hamiltonian (2)
with Hˆ0 =
~2kˆ2
2m but neglect the change of the physical
position operator, then only one half of δr˜l′l and thus of
jz,ad can be produced in the SB theory. This indicates
the fact that the effective Hamiltonian itself is not always
enough for consistent predictions with the complete ef-
fective quantum theory [4, 5].
Second, in an early influential work, Lyo and Holstein
[8] claimed that Berger’s wavepacket analysis on the side-
jump [35] is consistent with the original Luttinger theory
[21], if in the latter the scalar disorder potential V (r)
is replaced by W . Taking into account the scattering
correction to the plane-wave state (Hˆ0 =
~2kˆ2
2m ) in the
lowest Born order, Lyo-Holstein in fact proved
δsjLHvl ≡ 2 Re
∑
l′ 6=l
〈(
1
i~
[
rˆ, Wˆ
])
ll′
Wl′l
〉
d+ll′
=
∑
l′
ω
(2)
ll′ δrl′l,
where δrl′l = −Dˆ argWl′l. And δsjLHvlτ trl = ηλ
2
0
4 k× zˆ
gives the sideways shift of Berger [35], with τ trl the trans-
port time. According to Eq. (21), the Lyo-Holstein result
(a)
(b)
𝒌𝒌 𝜂𝜂
𝒌𝒌 𝜂𝜂
𝒌𝒌 𝜂𝜂
𝒌𝒌 𝜂𝜂
𝒌𝒌 𝜂𝜂
𝒌𝒌 𝜂𝜂
𝒌𝒌 𝜂𝜂
𝒌𝒌 𝜂𝜂
𝑗𝑗𝑥𝑥
𝑒𝑒𝑒𝑒,0(𝑗𝑗𝑥𝑥𝑒𝑒𝑒𝑒) 𝑗𝑗𝑥𝑥𝑒𝑒𝑒𝑒,0(𝑗𝑗𝑥𝑥𝑒𝑒𝑒𝑒)
𝑗𝑗𝑥𝑥
𝑒𝑒𝑒𝑒,0(𝑗𝑗𝑥𝑥𝑒𝑒𝑒𝑒) 𝑗𝑗𝑥𝑥𝑒𝑒𝑒𝑒,0(𝑗𝑗𝑥𝑥𝑒𝑒𝑒𝑒)
𝑗𝑗𝑦𝑦
𝑧𝑧,𝑒𝑒𝑒𝑒,0(𝑗𝑗𝑦𝑦𝑧𝑧,𝑒𝑒𝑒𝑒)
𝑗𝑗𝑦𝑦
𝑧𝑧,𝑒𝑒𝑒𝑒,0(𝑗𝑗𝑦𝑦𝑧𝑧,𝑒𝑒𝑒𝑒)𝑗𝑗𝑦𝑦𝑧𝑧,𝑒𝑒𝑒𝑒,0(𝑗𝑗𝑦𝑦𝑧𝑧,𝑒𝑒𝑒𝑒)
𝑗𝑗𝑦𝑦
𝑧𝑧,𝑒𝑒𝑒𝑒,0(𝑗𝑗𝑦𝑦𝑧𝑧,𝑒𝑒𝑒𝑒)
FIG. 1. Side-jump diagrams for the spin Hall conductivity in
the Nozieres-Lewiner effective model. Squares and circles rep-
resent spin-current (jz,eq) and charge-current (jeq) vertexes
respectively. jz,eq,0 and jeq,0 are vertexes in the usual Kubo-
Streda formalism (Eq. (C7)) whereas jz,eq and jeq are ver-
texes in the generalized Kubo-Streda formalism (Eq. (C6)).
(a) and (b) are spin Hall conductivities arising from the side-
jump spin-current and anomalous distribution function re-
spectively discussed in details in the main text.
5is nothing else but
δsjLHvl =
1
2
δsj,1vl.
The other half of δsj,1vl did not appear in the Lyo-
Holstein theory, because the change of the physical posi-
tion operator was not considered there. The argument by
Lyo-Holstein under the weak disorder-potential Born ap-
proximation has been generalized directly to the level of
full T-matrix [37]. But that generalization has not been
confirmed by microscopic quantum transport theories.
Third, the usual Kubo-Streda theory applied to the
present model [11–13] in fact starts only from the Hamil-
tonian Hˆ = ~
2kˆ2
2m + Wˆ − eE · rˆ. Figure 1 with the cur-
rent vertexes jz,eq,0y and j
eq,0
x shows the four well-known
side-jump diagrams in the diagrammatic approach for
the present model. Hereafter the external electric field
is applied in x direction. In the language of the SB
theory, figure 1 (a) and 1 (b) (with the current ver-
texes jz,eq,0y and j
eq,0
x ) represent the spin Hall conductiv-
ities σz,0,sjyx = e
∑
l
~
2η
(
δsjLHvl
)
y
(
−∂f0∂l
)
τ trl
(
v0l
)
x
and
σz,0,adyx = e
∑
l
~
2η
(
v0l
)
y
∂f0
∂l
τ trl
(
δsjLHvl
)
x
, respectively.
Thus σz,0,sjyx = σ
z,0,ad
yx =
1
2σ
z,ad
yx =
1
2σ
z,sj
yx , and the total
o
(
n0im
)
contribution σz,0,sjyx + σ
z,0,ad
yx = σ
z,ad
yx coincides
with our SB result. However, the physical interpreta-
tion given by this diagrammatic approach is very dif-
ferent from that obtained in the quantum kinetic [17] or
the SB theories. Being important in the quantum kinetic
theory, the SOI with the driving electric field is not in-
corporated into the derivation of the usual Kubo-Streda
formula [10, 11]. Thus for spin-orbit-induced transport
in effective quantum theories, the SB and quantum ki-
netic theories do not always produce the same result as
the usual Kubo-Streda fomula. In the next section we
will provide such an example.
Moreover, in Appendix C we give the slightly general-
ized Kubo-Streda formula in effective quantum theories,
taking into account the change of the physical position
operator. That formula yields the same physical picture
as the SB theory. The expressions for the current ver-
tex in the corresponding diagrams (Eq. (C6)) are dif-
ferent from those in the usual diagrams (Eq. (C7)), see
Appendix C. Besides, the generalized Kubo-Streda for-
mula contains an additional “Fermi sea” term (Eq. (C5))
which results from δin,1jzl .
V. APPLICATION 2: RASHBA 2D EFFECTIVE
MODEL
In the present case Hˆ0 =
~2kˆ2
2m + αRσˆ ·
(
kˆ× zˆ
)
in
the effective Hamiltonian (1), αR is the Rashba SOI pa-
rameter. The Rashba spinor in the internal space reads
|uηk〉 = 1√2
(
1,−iη exp (iφ))T . Although the Rashba SOI
can be understood as arising also from rˆa, we here take
a more general viewpoint beyond the context of direct-
gap semiconductors, regarding this model as an exam-
ple where the effective Hamiltonian has its own internal
structure. In this model there is no unique definition
of the spin current operator [38]. For the convenience
of making comparison with most previous researches on
this model [27–30, 39], the conventional definition of spin
current operator is adopted in the present paper. The re-
sults on the conserved spin current proposed in Ref. [38]
will be presented elsewhere.
The spin current polarized in z direction is ˆz =
1
2
{
~
2 σˆz, vˆ
}
= ˆz,phy + δV ˆz + δEˆz, where δV ˆz + δEˆz =
λ20
4 zˆ ×
(
eE−∇Vˆ
)
. In this model ˆz,phy = ~2
~k
m σˆz, then
j˜z,0l = 0, thus j
z,sk = jz,pair = jz,ad = 0 and
jz =
∑
l
f0l
(
δinjzl + δ
in,1jzl
)
+
∑
l
g
(2)
l
(
δsjjzl + δ
sj,1jzl
)
.
As will be explained in Sec. VI, we have
∑
l f
0
l δ
in,1jzl =
−∑l g(2)l δsj,1jzl , then
jz =
∑
l
f0l δ
injzl +
∑
l
g
(2)
l δ
sjjzl , (22)
where δinjzl = −2eE · Re iJ˜ηk,−ηk〈u
−η
k |ˆz,0|uηk〉
ηk−−ηk
and δsjjzl is
given by Eq. (12).
We only consider the case of both subbands partially
occupied. The corresponding wave number in η band
is given as kη () = −ηkR + α−1R
√
2R + 2R. Here kR =
mαR~2 = k− ()−k+ () measures the momentum splitting
of two Rashba bands. We assume
(
kR/kF
)2  (λ0kF )2,
i.e., (λ0kR)
2  (λ0kF )4, which is the case of strong
Rashba SOI. Here kF ≡ kη (F ) + ηkR. The density of
state of η band takes the form Dη () = D0
kη()
kη()+ηkR
,
with D0 =
m
2pi~2 .
Equation (12) yields δsjjzl =
η
4kRτ0
~
2 eˆk× zˆ with τ−10 =
2pi
~ nimV
2
0 D0, eˆk = (cosφ, sinφ). The longitudinal distri-
bution function is g
(−2)
l = eEx
(−∂lf0) (v0l )x τ trl , where
τ trη ()
τ0
=
Dη
D0
− ηλ
2
0
4
4kRk−η + 2
λ20
4
(2kR)
2 Dη
D0
. (23)
Thus∑
l f
0
l
(
δinjzl
)
y
Ex
=
−e
8pi
− eneλ
2
0
4
(
1
2
−
1
6R
F + R
)
, (24)
∑
l g
(−2)
l
(
δsjjzl
)
y
Ex
=
e
8pi
+
eneλ
2
0
4
(
1
2
+
1
2R
F + R
)
, (25)
and then
jzy =
eneλ
2
0
4
2
3R
F + R
Ex = (λ0kR)
2 e
6pi
Ex. (26)
6This nonzero spin Hall conductivity of order (λ0kR)
2
did
not appear in previous theoretical researches [27, 28, 39]
assuming weak Rashba SOI. Strong Rashba SOI energy
compared to the Fermi energy is possible, e.g., in het-
erostructures of non-centrosymmetric semiconductor Bi-
TeX (X=Cl, Br and I) family [40]. Because we do not
assume kR  kF , in the case of strong Rashba SOI the
magnitude of the above spin Hall conductivity can be
comparable to the side-jump spin Hall conductivity in
the 2D Nozieres-Lewiner model.
The SB formalism provides alternative explanations
to the results in a recent quantum kinetic theory [28].
The second term on the rhs of Eq. (24) arises from the
SOI with the external driving electric field, and corre-
sponds to the contribution called “anomalous spin pre-
cession from electric field” in Ref. [28]. Whereas the
second term on the rhs of Eq. (25) arises from the spin-
orbit-scattering-induced correction to the transport time
in Eq. (23), and corresponds to the contribution called
“anomalous spin precession from impurities” in Ref. [28].
The o
(
(λ0kR)
2
)
contribution is neglected in Ref. [28],
where the weak Rashba SOI was assumed.
Now we consider the application of the usual Kubo-
Streda formula, which in fact treats the Hamiltonian Hˆ =
Hˆ0 + Wˆ − eE · rˆ, as in Ref. [30]. In the weak disorder-
potential regime the diagram calculation can be done in
the band-eigenstate representation, where the correspon-
dence to the SB formalism is apparent [1, 23, 25]. In the
𝐽𝐽𝑥𝑥
𝑒𝑒𝑒𝑒,0
𝑗𝑗𝑥𝑥
𝑒𝑒𝑒𝑒,0
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𝒌𝒌 − 𝜂𝜂
𝒌𝒌 𝜂𝜂
𝐽𝐽𝑥𝑥
𝑒𝑒𝑒𝑒,0𝑗𝑗𝑦𝑦𝑧𝑧,𝑒𝑒𝑒𝑒,0
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𝒌𝒌 𝜂𝜂
𝒌𝒌 𝜂𝜂
(a)
(b)
(c) 𝐽𝐽𝑥𝑥𝑒𝑒𝑒𝑒,0
FIG. 2. Diagrams for the non-zero contributions to the
spin Hall conductivity in the usual Kubo-Streda formalism.
Squares represent spin-current (jz,eq,0) vertexes. Circles and
filled circles represent bare charge-current (jeq,0) and renor-
malized charge-current (Jeq,0) vertexes respectively. (a) de-
scribes intrinsic contributions; (b) describes side-jump contri-
butions from interband coherence response due to band struc-
ture SOI; (c) describes side-jump contributions from disorder-
induced corrections to the charge-current operator.
language of the SB theory, the diagrams in Fig. 2 yield
σz,0yx =
∑
l
f0l
(
δin0 j
z
l
)
y
Ex
+
∑
l
(
δsj0 j
z
l + δ
sj,1
0 j
z
l
)
y
g
(2)
l
Ex
, (27)
where δin0 j
z
l = −2eE · Re iJηk,−ηk〈u
−η
k |ˆz,0|uηk〉
ηk−−ηk
and
δsj0 j
z
l =
∑
l′,l′′ 6=l′
〈Wll′Wl′′l〉 jz,0l′l′′
d−ll′d
+
ll′′
+2 Re
∑
l′ 6=l,l′′
〈Wl′l′′Wl′′l〉 jz,0ll′
d+ll′d
+
ll′′
,
δsj,10 j
z
l = 2 Re
∑
l′ 6=l
〈
〈l| 12
{
~
2 σˆz,
1
i~
[
rˆ, Wˆ
]}
|l′〉Wl′l
〉
d+ll′
.
The first term on the rhs of Eq. (27) corresponds to
Fig. 2 (a) (σz,II,0yx = 0 in the considered model, see
Appendix C), whereas the contributions from δsj0 j
z
l and
δsj,10 j
z
l in the second term on the rhs of Eq. (27) cor-
respond to Fig. 2 (b) and 2 (c), respectively. One
can find that δin0 j
z
l 6= δinjzl , δsj0 jzl = δsjjzl , δsj,10 jzl =
1
2δ
sj,1jzl up to the first order of λ
2
0 for the present model.
Regarding the spin Hall conductivity jzy/Ex we have∑
l f
0
l
(δin0 j
z
l )y
Ex
= −e8pi ,
∑
l
(
δsj,10 j
z
l
)
y
g
(2)
l
Ex
= − 12 eneλ
2
0
4 , and∑
l
(
δsj0 j
z
l
)
y
g
(2)
l
Ex
is the same as Eq. (25). In the calcula-
tion we used
(
δsj,10 j
z
l
)
y
= −~2 λ
2
0
4τ0
(
kη + ηkR
)
cosφ. Then
σz,0yx = (λ0kR)
2 e
8pi . This result differs from Eq. (26)
obtained for the complete effective model.
VI. DISCUSSION AND SUMMARY
We discuss the validity of the widely accepted idea
that the effects from corrections to the current oper-
ator due to the driving electric field and the gradient
of disorder potential always cancel out [14, 16, 17, 28].
This idea indicates
∑
l g
(−2)
l δ
sj,1vl = −
∑
l f
0
l δ
in,1vl
and
∑
l g
(−2)
l δ
sj,1jzl = −
∑
l f
0
l δ
in,1jzl . A pictorial argu-
ment of this idea is based on the correspondence prin-
ciple (Ehrenfest’s theorem) [14, 16, 17], as mentioned
in Sec. IV. For the Nozieres-Lewiner effective model
(Hˆ0 =
~2kˆ2
2m ), this idea has been confirmed by a quan-
tum kinetic theory [17]. However, notice that σˆz is
also involved in δV vˆ + δEvˆ = 2
λ20
4~ σˆz
(
∇Vˆ − eE
)
× zˆ
(for 2D electrons). When the off-diagonal matrix ele-
ments of σˆz in the band-eigenstate basis is not zero, the
Ehrenfest’s theorem cannot be employed directly. Thus∑
l g
(−2)
l δ
sj,1vl = −
∑
l f
0
l δ
in,1vl is not generally valid
even for 2D electrons. In Appendix D we confirm this
observation by the SB formalism.
On the other hand, considering the conventional spin
current polarized in z direction for 2D electrons, δV ˆz +
7δEˆz =
λ20
4 zˆ ×
(
eE−∇Vˆ
)
is free from the above
problem. Thus the Ehrenfest’s theorem can be ap-
plied, validating the pictorial argument [14] for 2D elec-
trons even with band-structure SOI. Specifically, one
has
∑
l f
0
l
(
δin,1jzl
)
y
= Ex
eλ20
4
∑
l f
0
l = Ex
eneλ
2
0
4 and∑
l g
(−2)
l
(
δsj,1jzl
)
y
= 2~2
∑
ll′ g
(−2)
l ω
(2)
l′l
λ20
4
(
k′x − kx
)
=
λ20
4 eEx
∑
l ∂kxf
0kx = − eneλ
2
0
4 Ex, where we use the same
manipulations as in Eq. (D2).
We note that the special form rˆa =
λ20
4 σˆz zˆ× kˆ which is
linear in the momentum for 2D electrons plays the vital
role in the above derivation. But for the conventional
spin current in 2D hole systems where rˆa is cubic in the
momentum, we cannot get the relation
∑
l g
(−2)
l δ
sj,1jzl =−∑l f0l δin,1jzl if no further assumption about the model
Hamiltonian is made. Detailed discussions are presented
in Appendix D.
In summary, we constructed the SB transport frame-
work directly in the level of the effective quantum theory,
confirmed by a generalized Kohn-Luttinger density ma-
trix transport theory also in this level. It was shown that
the spin/anomalous Hall effect studied in this level can
still be parsed into the same categories as in the level of
the full Hamiltonian, in the regime where the SB the-
ory works. We discussed the link and difference between
the present SB theory and various previous theories. To
help clarify this issue, we also derived the slightly gen-
eralized Kubo-Streda formula in the level of the effective
quantum theory. This formula leads to the same phys-
ical picture as the present SB theory. In a Rashba 2D
effective model, a nonzero spin Hall effect important in
the case of strong Rashba SOI but neglected in previous
theories has been found.
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Appendix A: Confirmation of the SB formalism:
Kohn-Luttinger density-matrix approach
The original Kohn-Luttinger approach is designed in
the level of the full Hamiltonian. Here we formulate a
generalized version of it in the level of the effective quan-
tum theory.
The single-carrier Hamiltonian reads HˆT = Hˆ0 + Wˆ +
HˆF , where the field term HˆF = Hˆ1e
st arises from the
electric field turned on adiabatically from the remote
past t = −∞, with Hˆ1 = −eE · rˆphy. The expectation
value of a single-carrier operator Aˆ is 〈A〉 = tr
[
AˆρˆT
]
,
where tr denotes the trace operation in the single-carrier
Hilbert space, and the single-carrier density matrix ρˆT is
determined by the quantum Liouville equation i~ ∂∂t ρˆT =[
HˆT , ρˆT
]
. In the linear response regime ρˆT = ρˆ + fˆ e
st,
where ρˆ is the equilibrium density matrix, fˆ is linear in
the electric field and independent of time. In the band-
eigenstate representation of Hˆ0:
d−ll′fll′ =
[
fˆ , Hˆ ′
]
ll′
+
[
ρˆ, Hˆ1
]
ll′
. (A1)
Here
[
Aˆ, Bˆ
]
ll′
≡ ∑l′′ (All′′Bl′′l′ −Bll′′Al′′l′). Defining
Cll′ ≡
[
ρˆ, Hˆ1
]
ll′
, we have Cll′ = ieE ·
[
Dˆρll′ +
[
J˜, ρ
]
ll′
]
for l′ 6= l and Cl = ieE ·
[
∂kρl +
[
J˜, ρ
]
ll
]
. Hereafter
ρll ≡ ρl, fll ≡ fl and Cll ≡ Cl. In the effective quantum
theory, in the presence of the external electric field Aˆ
may be different from its equilibrium form Aˆeq, so Aˆ =
Aˆeq + δEAˆ. The linear response in the weak disorder-
potential regime is thus
δA = tr
〈
fˆ Aˆeq
〉
+ tr
〈
ρˆδEAˆ
〉
(A2)
=
∑
ll′
〈
fll′A
eq
l′l
〉
+
∑
ll′
〈ρll′〉
(
δEA
)
l′l
=
∑
l
〈fl〉Aphyl +
′∑
ll′
〈
fll′A
eq
l′l
〉
+
∑
l
ρ0l
(
δEAˆ
)
ll
Hereafter the notation
∑′
means that all the index equal-
ities should be avoided in the summation.
In the weak disorder-potential regime an iterative so-
lution to Eq. (A1) in ascending powers of the disorder
potential is possible:
fl = f
(−2)
l + f
(−1)
l + f
(0)
l + ...,
fll′ = f
(−1)
ll′ + f
(0)
ll′ + f
(1)
ll′ ...
(
l 6= l′) ,
Cll′ = C
(0)
ll′ + C
(1)
ll′ + C
(2)
ll′ + ...
Then one gets an equation for fl, as well as expressions
for fll′
(
l′ 6= l) in terms of fl [21]:
f
(−1)
ll′ =
f
(−2)
l − f (−2)l′
d−ll′
Wll′ ,
f
(0)
ll′ =
∑
l′′ 6=l,l′
Wll′′Wl′′l′
d−ll′
[
f
(−2)
l − f (−2)l′′
d−ll′′
− f
(−2)
l′′ − f (−2)l′
d−l′′l′
]
+
f
(−1)
l − f (−1)l′
d−ll′
Wll′ +
C
(0)
ll′
d−ll′
.
8After disorder average one obtains a transport equation
for 〈fl〉. Comparing Eq. (A3) in Ref. [24] to the present
Eq. (A1), one can see that they take the same form,
except that Vˆ → Wˆ and Jll′ → J˜ll′ . Thus the derivation
of the transport equation for 〈fl〉 remains unchanged.
Assuming isotropic systems
∑
l′ ω
a
l′l = 0, one has
0 =
1
i~
C
(0)
l +
∑
l′
ω
(2)
ll′
〈
f
(−2)
l − f (−2)l′
〉
+
∑
l′
ω
(2)
ll′
〈
f
(−1)
l − f (−1)l′
〉
+
∑
l′
ω
(3)
ll′
〈
f
(−2)
l − f (−2)l′
〉
+
∑
l′
ω
(2)
ll′
〈
f
(0)
l − f (0)l′
〉
+
∑
l′
ω
(3)
ll′
〈
f
(−1)
l − f (−1)l′
〉
+
∑
l′
[
ω
(4)
ll′ + S
(4)
ll′
] 〈
f
(−2)
l − f (−2)l′
〉
+
1
i~
C ′′l ,
where the expression [20, 21] for S
(4)
ll′ = S
(4)
l′l is not neces-
sary here. The symmetric parts of the higher-order scat-
tering rates only contribute to trivial renormalizations to
the longitudinal transport, and thus are negligible in the
case of weak disorder potential. 1i~C
(0)
l =
1
~eE · ∂kρ(0)l
is the driving term of the conventional Boltzmann equa-
tion, where ρ
(0)
l is just the Fermi distribution function
[20]. C ′′l contains the combination effects of the elec-
tric field and disorder, whose original expression (is of
the second order of disorder potential) is given in Ref.
[21]. Here the point is that, except the anomalous part
C ′′,al = −i~eE·
∑′
l′ ω
(2)
ll′ δr˜l′l∂lρ
(0)
l , all other terms of C
′′
l
are present even in the absence of SOI and are triv-
ial renormalizations to the conventional driving term.
Therefore, regarding the spin/anomalous Hall effect, the
qualitatively and quantitatively important contributions
to 〈fl〉 in the weak disorder-potential regime are given by
0 =
eE · v0l ∂lρ(0)l +∑
l′
ω
(2)
ll′
〈
f
(−2)
l − f (−2)l′
〉
+
∑
l′
ω
(2)
ll′
〈
f
(−1)
l − f (−1)l′
〉
+
∑
l′
ω3all′
〈
f
(−2)
l − f (−2)l′
〉
+
∑
l′
ω
(2)
ll′
〈
f
(0),n
l − f (0),nl′
〉
+
∑
l′
ω3all′
〈
f
(−1)
l − f (−1)l′
〉
+
∑
l′
ω4all′
〈
f
(−2)
l − f (−2)l′
〉
+
∑
l′
ω
(2)
ll′
〈
f
(0),a
l − f (0),al′
〉
− eE·
∑
l′
ω
(2)
ll′ δr˜l′l∂lρ
(0)
l
 .
Here we split f
(0)
l into f
(0)
l = f
(0),n
l + f
(0),a
l . Setting〈
f
(−2)
l
〉
≡ g(−2)l ,
〈
f
(−1)
l
〉
≡ g(−1)l ,
〈
f
(0),n
l
〉
≡ g(0)l and〈
f
(0),a
l
〉
≡ gal , the above equation is just the form of the
SB equations (5,6) used in practice [1, 19].
Because the Kohn-Luttinger expansion is basically a
bare perturbation theory, some trivial renormalization
terms are unavoidable in high orders of this expansion.
These terms should be eliminated systematically by a
renormalization procedure, if one aims at placing the
Kohn-Luttinger theory as a generic foundation for the
extended-state transport phenomena. This kind of renor-
malization treatment has been shown for free electrons
without SOI [41]. Although a more complicated proce-
dure is expected to be applicable also in the presence
of SOI, it has never been done according to our litera-
ture knowledge. In fact, the Kubo linear response ap-
proach may be more suitable to serve as the foundation
of the extended-state transport, into which the system-
atic renormalization procedure can be incorporated. On
the other hand, we only regard the Kohn-Luttinger ap-
proach as a foundation of the SB theory in the case of
weak disorder potential. In this case the aforementioned
renormalization effects are just much smaller high-order
corrections to the longitudinal transport, and can thus
be neglected in the Boltzmann regime.
In the weak disorder-potential regime, after disorder
average, one has
′∑
ll′
〈
fll′A
eq
l′l
〉
=
′∑
ll′
〈
f
(0)
ll′
〉 〈
Aeql′l
〉
+
′∑
ll′
〈
f
(−1)
ll′ A
eq
l′l
〉
=
′∑
ll′
C
(0)
ll′
〈
Aeql′l
〉
d−ll′
+
′∑
ll′l′′
〈Wll′′Wl′′l′〉
〈
f
(−2)
l − f (−2)l′′
d−ll′′
− f
(−2)
l′′ − f (−2)l′
d−l′′l′
〉 〈
Aeql′l
〉
d−ll′
+2 Re
′∑
ll′
〈
f
(−2)
l
〉〈Wl′lAeqll′
d+ll′
〉
(A3)
Due to C
(0)
ll′ = ieE · J˜ll′
(
ρ
(0)
l′ − ρ(0)l
)
and vphyll′ δkk′ =
− 1i~ (l − l′) iJ˜ll′
(
l 6= l′), we have
′∑
ll′
C
(0)
ll′
〈
Aeql′l
〉
d−ll′
=
∑
l
f0l δ
inAl, (A4)
′∑
ll′l′′
〈Wll′′Wl′′l′〉
〈
f
(−2)
l − f (−2)l′′
d−ll′′
− f
(−2)
l′′ − f (−2)l′
d−l′′l′
〉 〈
Aeql′l
〉
d−ll′
≡
∑
l
〈
f
(−2)
l
〉
δsjAl, (A5)
and (Aˆeq = Aˆphy + δV Aˆ)
2 Re
′∑
ll′
〈
f
(−2)
l
〉〈Wl′lAeqll′
d+ll′
〉
=
∑
l
〈
f
(−2)
l
〉
δsj,1Al,
(A6)
with δinAl, δ
sjAl and δ
sj,1Al given by Sec. III.
9Besides,
∑
l ρ
(0)
l
(
δEAˆ
)
ll
=
∑
l f
0
l δ
in,1Al, thus
′∑
ll′
〈
fll′A
eq
l′l
〉
+
∑
l
ρ0l
(
δEAˆ
)
ll
(A7)
=
∑
l
f0l
(
δinAl + δ
in,1Al
)
+
∑
l
g
(−2)
l
(
δsjAl + δ
sj,1Al
)
.
Appendix B: Proof of Eqs. (15) and (16)
1. Proof of Eq. (15)
Following the same route shown in Appendix A of Ref.
[23], we get
δsjvl = Re
∑
l′
2
~
〈
Wll′
[
W, J˜
]
l′l
〉
c
d−ll′
+
∑
l′
2pi
~
〈
|Wll′ |2
〉
c
δ (dll′)
[
iJ˜l′ − iJ˜l
]
(B1)
with
[
W, J˜
]
l′l
≡ ∑l′′ [Wl′l′′ J˜l′′l − J˜l′l′′Wl′′l]. In the
present case we have[
W, J˜
]
l′l
= −i
[
Wˆ , rˆphy
]
l′l
+ DˆWl′l, (B2)
then
δsjvl = Re
∑
l′
2
~
〈
Wll′DˆWl′l
〉
c
d−ll′
+
∑
l′
2pi
~
〈
|Wll′ |2
〉
c
δ (dll′)
[
iJ˜l′ − iJ˜l
]
− Re
∑
l′
2
〈
Wll′
(
1
i~
[
rˆphy, Wˆ
])
l′l
〉
c
d−ll′
.
The first term on the rhs can be split into two terms with
one related to Im
〈
Wll′DˆWl′l
〉
c
=
〈
|Wll′ |2
〉
c
Dˆ argWl′l
and the other related to Dˆ
〈
|Wll′ |2
〉
c
. The first one is
related to the phase of the disorder potential and is thus
nontrivial. While the latter one, which does not break
any symmetry, is just a trivial renormalization to v0l .
It does not contribute to the Hall current in the weak
disorder-potential limit and can be ignored. Thus one
has
δsjvl =
∑
l′
2pi
~
〈
|Wll′ |2
〉
c
δ (dll′)
[
iJ˜l′ − iJ˜l − Dˆ argWl′l
]
− Re
∑
l′
2
〈
Wll′
(
1
i~
[
rˆphy, Wˆ
])
l′l
〉
c
d−ll′
(B3)
On the other hand
δsj,1vl = 2 Re
∑
l′ 6=l
〈(
1
i~
[
rˆphy, Wˆ
])
ll′
Wl′l
〉
c
d+ll′
, (B4)
thus δsjvl + δ
sj,1vl =
∑
l′ ω
(2)
ll′ δr˜l′l.
2. Proof of Eq. (16)
We choose the external in-plane electric field in x di-
rection, then(
δinvl
)
y
= −~eEx
∑
l′ 6=l
δkk′
2Im〈ul|vˆphyx |ul′〉〈ul′ |vˆphyy |ul〉
d2ll′
= − e
~
Ex
∑
η′ 6=η
2Im
[
〈uηk| (i∂kx + xˆa) |uη
′
k 〉
〈uη′k |
(
i∂ky + yˆ
a
) |uηk〉] (B5)
=
e
~
Ex2Im〈∂kyuηk|∂kxuηk〉 −
e
~
Ex2Im〈uηk|xˆayˆa|uηk〉
− e
~
Ex2Re
[〈uηk|xˆa|∂kyuηk〉 − 〈∂kxuηk|yˆa|uηk〉]
=
e
~
Ex2Im〈∂kyuηk|∂kxuηk〉
+
e
~
Ex
[
∂kx〈uηk|yˆa|uηk〉 − ∂ky 〈uηk|xˆa|uηk〉
]
− e
~
Ex〈uηk|
(
∂kx yˆ
a − ∂ky xˆa
) |uηk〉
+i
e
~
Ex〈uηk| [xˆa, yˆa] |uηk〉
On the other hand,
(
δin,1vl
)
y
=
(
δEvˆy
)
ll
where
δEvˆy =
1
i~
[
yˆphy,−eExxˆphy
]
(B6)
=
eEx
~
(
∂yˆa
∂kˆx
− ∂xˆ
a
∂kˆy
)
− ieEx
~
[xˆa, yˆa] ,
thus(
δinvl
)
y
+
(
δin,1vl
)
y
=
eEx
~
{
2Im〈∂kyul|∂kxul〉+
∂kx〈uηk|yˆa|uηk〉 − ∂ky 〈uηk|xˆa|uηk〉
}
=
eEx
~
(
Ω0l + Ω
a
l
)
. (B7)
Appendix C: Kubo-Streda formula in effective
quantum theories
In the linear response Eq. (A2) δA = tr
〈
Aˆeq fˆ
〉
+
tr
〈
ρˆδEAˆ
〉
to the dc uniform external electric field, the
first term on the rhs can be found by the Kubo-Streda
10
formula [10, 11] in terms of the Aˆ− ˆ correlation function,
in the presence of static impurities. Starting from the
single-particle quantum Liouville equation, one has [10]
fˆ =
i
~
lim
s→0+
∫ 0
−∞
dtesteiHˆ
eqt/~
[
ρˆ, Hˆ1
]
e−iHˆ
eqt/~, (C1)
where Hˆeq is the equilibrium single-carrier Hamiltonian
in the presence of disorder. When the physical position
operator is just the canonical one, Hˆeq = Hˆ0 + Vˆ (rˆ) and
Hˆ1 = −eE · rˆ, then Eq. (C1) leads to the well-known
Kubo-Streda formula for the Aˆ − ˆ correlation function
[1, 2]. In this case δEAˆ = 0 when Aˆ is not the thermal
current operator, thus δA = tr
〈
Aˆeq fˆ
〉
is completely de-
termined by the Aˆ− ˆ correlation function.
In effective quantum theories where the physical po-
sition operator is not the canonical one, Hˆeq = Hˆ0 +
Vˆ
(
rˆphy
)
, Hˆ1 = −eE · rˆphy and δEAˆ 6= 0 even when Aˆ is
the electric/spin current operator. In this case we derive
the slightly generalized Kubo-Streda formula for δA, by
obtaining first the Bastin formula by the method in Ref.
[10] and then following the manipulations presented in
Ref. [11]. At the low-temperature limit the generalized
Kubo-Streda formula for the spin Hall conductivity reads
σzyx = σ
z,I(a)
yx + σ
z,I(b)
yx + σz,IIyx + σ
z,in−1
yx , where
σz,I(a)yx =
~
2pi
tr
〈
ˆz,eqy Gˆ
R (F ) ˆ
eq
x Gˆ
A (F )
〉
, (C2)
σz,I(b)yx = −
~
2pi
Re tr
〈
ˆz,eqy Gˆ
R (F ) ˆ
eq
x Gˆ
R (F )
〉
, (C3)
σz,IIyx =
~
2pi
Re
∫
df0 () (C4)
×tr
〈
ˆz,eqy Gˆ
R () ˆeqx
dGˆR ()
d
− ˆz,eqy
dGˆR ()
d
ˆeqx Gˆ
R ()
〉
,
and σz,in−1yx =
∑
l f
0
l 〈l| 12
{
~
2 σˆz, δ
Evˆy
}
|l〉/Ex, i.e.,
σz,in−1yx =
∑
l
f0l 〈l|
1
2
{
~
2
σˆz,
−e
i~
[
yˆphy, xˆphy
]}
|l〉. (C5)
Here
ˆeq =
e
i~
[
rˆphy, Hˆ0 + Wˆ
]
, ˆz,eq =
1
2
{
~
2e
σˆz, ˆ
eq
}
, (C6)
and GˆR/A () =
(
− Hˆeq ± i0+
)−1
is the re-
tarded/advanced Green’s function operator. In Eq. (C5)
only the disorder-free part of σz,in−1yx is retained, be-
cause we focus on the weak disorder-potential regime.
In this regime σ
z,I(b)
yx can be neglected and in σz,IIyx
only the disorder-free part is important [1, 2]. Apply-
ing Eqs. (C2) - (C5) to the 2D Nozieres-Lewiner effec-
tive model, we get σz,IIyx = 0, σ
z,I(a)
yx = σz,sjyx + σ
z,ad
yx ,
σz,sjyx = σ
z,ad
yx = −σz,in−1yx and σzyx = σz,adyx . For the
Rashba 2D effective model, one can also obtain the same
result as the SB approach.
On the other hand, in usual applications of the Kubo-
Streda formula to spin Hall effects in the 2D Nozieres-
Lewiner effective model [11–13, 30], Hˆeq = Hˆ0 + Wˆ but
Hˆ1 = −eE · rˆ, and the physical position is not distin-
guished from the canonical position. Then those authors
used σz,0yx = σ
z,I(a),0
yx + σ
z,I(b),0
yx + σz,II,0yx where
σz,I(a),0yx =
~
2pi
tr
〈
ˆz,eq,0y Gˆ
R (F ) ˆ
eq,0
x Gˆ
A (F )
〉
,
σz,I(b),0yx = −
~
2pi
Re tr
〈
ˆz,eq,0y Gˆ
R (F ) ˆ
eq,0
x Gˆ
R (F )
〉
,
σz,II,0yx =
~
2pi
Re
∫
df0 () tr
〈
ˆz,eq,0y Gˆ
R () ˆeq,0x
dGˆR ()
d
−ˆz,eq,0y
dGˆR ()
d
ˆeq,0x Gˆ
R ()
〉
,
with
ˆeq,0 ≡ e
i~
[
rˆ, Hˆ0 + Wˆ
]
, ˆz,eq,0 ≡ 1
2
{
~
2e
σˆz, ˆ
eq,0
}
.
(C7)
Applying this usual Kubo-Streda formula to the 2D case
of Hˆ0 =
~2kˆ2
2m , one has σ
z,II,0
yx = 0, σ
z,I(a),0
yx = σz,0,sjyx +
σz,0,adyx and σ
z,0,sj
yx = σ
z,0,ad
yx =
1
2σ
z,0,ad
yx , thus σ
z,0
yx = σ
z,ad
yx .
Appendix D: Technical details in Sec. VI
For 2D electrons, rˆa =
λ20
4 σˆz zˆ× kˆ and iJal =
λ20
4 (σˆz)ll zˆ× k. Thus
(
δin,1vl
)
y
= eEx~ 2
λ20
4 (σˆz)ll and∑
l f
0
l
(
δin,1vl
)
y
= eEx~ 2
λ20
4
∑
l f
0
l (σˆz)ll, meanwhile∑
l
g
(−2)
l δ
sj,1vl (D1)
= 2
∑
ll′
g
(−2)
l ω
(2)
l′l
λ20
4
Re (σˆz)ll′ zˆ×
(
k′ − k)
− 4λ
2
0
4~
′∑
ll′
g
(−2)
l
〈
|Vl′l|2
〉
dll′
Im (σˆz)ll′ zˆ×
(
k′ − k) .
In the 2D Nozieres-Lewiner model (σˆz)ll′ = ηδηη′ , thus∑
l
g
(−2)
l
(
δsj,1vl
)
y
(D2)
= 2
∑
k′,kη
g
(−2)
ηk ω
(2)
ηk′,ηki
[
Jaηk′ − Jaηk
]
y
= 2
e
~
Ex
∑
ηk
∂kxf
0
(
iJaηk
)
y
= − e
~
Ex
∑
ηk
f0ηkΩ
a
ηk
= −
∑
l
f0l
(
δin,1vl
)
y
.
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Here
(
δin,1vl
)
y
= eEx~ Ω
a
ηk is only valid for the considered
model (Appendix B). But if
〈
ul |σˆz|ul′
〉
has l-off-diagonal
matrix elements or is momentum dependent, we cannot
get the relation
∑
l g
(2)
l
(
δsj,1vl
)
y
= −∑l f0l (δEv)l.
Next we analyze the case of the conventional spin cur-
rent in 2D hole systems. By rˆa =
λ20
4 σˆz zˆ× Kˆ,
∑
l
f0l
(
δin,1jzl
)
y
= Ex
eλ20
4
∑
l
f0l
∂Kx
∂kx
+
∂Ky
∂ky
2
, (D3)
and Vˆ
(
rˆphy
)
= Vˆ (rˆ) + 12
(
∇Vˆ · rˆa + rˆa · ∇Vˆ
)
leads to
(
δV ˆzy
)
ll′
=
1
2i
λ20
4
Vll′
(
Kx −K ′x
)
+
i
4
λ20
4
Vll′
((
k− k′)× zˆ) ·(∂K′
∂k′y
+
∂K
∂ky
)
, (D4)
then∑
l
g
(−2)
l
(
δsj,1jzl
)
y
=
~
2
λ20
4
∑
ll′
g
(−2)
l ω
(2)
l′l
[(
K ′x −Kx
)
+
(
k′x − kx
) 1
2
(
∂K ′x
∂k′x
+
∂Kx
∂kx
)
−
(
k′y − ky
) 1
2
(
∂K ′x
∂k′y
+
∂Kx
∂ky
) , (D5)
where we have used ∂Kx∂kx =
∂Ky
∂ky
for 2D electrons and
2D holes. For 2D electrons, Kˆ = kˆ thus the last term
in the square brackets on the rhs of Eq. (D5) vanishes
and we obtain the previous result. While for 2D holes,
Kˆ =
(
kˆ3x − 3kˆ2ykˆx, 3kˆ2xkˆy − kˆ3y, 0
)
and
∑
l g
(−2)
l
(
δsj,1jzl
)
y
is unlikely to be equal to
∑
l f
0
l
(
δin,1jzl
)
y
in general cases.
Even if for slowly varying disorder potentials, the minus
sign of the last term in the square brackets on the rhs
of Eq. (D5) makes further simplification impossible, un-
less some special assumptions are made for the model
Hamiltonian.
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